In this article we propose a new efficient strategy to construct exact solutions of Einstein gravities with a minimally coupled self-interacting scalar field. The strategy is to use the symmetry of the equations of motion (EOMs) to give a proper ansatz for scalar field first, then derive the metric and the corresponding scalar potential later. Using this strategy we give a simple example of constructing exact circular solutions in three dimensional gravities, these solutions contain the HMTZ black holes as a special case and some other new solutions. We also talk about thermodynamics of these exact solutions. This strategy also works for other metrics and in higher dimensional spacetime if their EOMs admit a scalar invariance.
INTRODUCTION
Since the discovery of Einstein's General Relativity, there have been continuing efforts in constructing new exact solutions. In three dimensional spacetime without matter fields there are the celebrated BTZ [1] black holes. In high energy physics, theories with gravity coupled to matter fields are studied constantly. String theory contains gauge fields and scalar fields, and its low energy effective theory, gauged supergravity, can be consistently truncated to gravity with a single scalar field [2, 3] . Exact solutions of such gravities are extremely useful in studying AdS/CFT [4] correspondence, thermodynamics [5] of gravities and phase transitions.
Although the scalar field is the most simple field, gravities with a minimally coupled scalar field only have a few examples of exact solutions. For spherical metric, which is attracting to researchers studying AdS/CFT, there is one class of exact circular solutions [6] (the HMTZ black holes) found in three dimensions, and in higher dimensions only numerical solutions are studied [7] [8] [9] [10] . For other metrics (like (47) and (49)) there are few exact solutions in four [11] [12] [13] and higher dimensions [14] . In this paper we concentrate on these Einstein-Scalar gravities and develop an efficient way to construct new exact solutions and their corresponding theories.
Setting 16πG = 1, our Lagrangian is
First we would like to look for static spherical solutions with metric ansatz
where d is the dimension and dΩ 2 d−2 is the metric on the unit (d − 2)-sphere. Define h(r) = f (r)e −2χ(r) we can write the EOMs as:
THE STRATEGY TO CONSTRUCT EXACT SOLUTIONS
The difficulty to find exact solutions of Einstein-Scalar gravity is not surprised, since there is too much freedom to construct scalar potential without breaking any essential symmetry. Starting from an arbitrary scalar potential, the possibility to find an exact solution is almost null. It maybe smarter to start from some specific scalar field, then substitute it into the EOMs to see whether there exist exact analytical solutions for metric functions and scalar potential of the corresponding theory. In order to make this strategy work out well, we make the EOMs in a right formula to make sure not all unknown functions appear in the same equation so we can derive them one by one. For example in (3) we can derive χ(r) from the given ansatz for scalar field, then derive f (r) from (4), and finally get the scalar potential V (φ) from (5) . This method is also used in [13] and [14] .
However, starting from an arbitrary scalar field, it is also extremely difficult to find exact solutions. In [14] , we give the right ansatz for scalar field and metric because of the inspiration from the construction of p-branes. So it is important to find a way to chose promising ansatz for scalar field. This is the central topic of this paper. We can find some instructions from the symmetry of the EOMs. Rescale
we findφ(ρ),χ(ρ),f (ρ) are solutions of (3)- (5) with a small modification: with the constant coefficient 6 − 2d in the first terms of (4) and (5) rescaled to 6−2d c 2 while leaving the other coefficients untouched. One may notice immediately that when d = 3, this constant vanishes, so the EOMs is scale invariant. This means the function φ(r) should be preserved by the rescale (6) . From now on we concentrate on three dimensional theories.
Assume the asymptotic of φ(r) is
where C i are constants independent of φ i and the even horizon radius r 0 . p i have a relationship with the dimension d and the mass of the scalar filed m which can be read from the scalar potential V (φ). For example, when 0 < σ < 1, we have
where σ is defined as σ = 4l 2 m 2 + (d − 1) 2 , l is the AdS radius and m is the mass of the scalar field. So if we give the scalar field first, the scalar potential we derived should give the right m which satisfies (8).
The static solutions have at most two integration constants for a given theory, for example the radius of even horizon r 0 and φ 1 . So φ i should be a function of r 0 and φ 1 . Since φ(r, r 0 , φ 1 ) is preserved by the rescale (6), φ i should be a function looks like
where D n are also constants independent of r 0 and φ 1 .
If we keep all the terms in the summation of (9), (7) can't be a simple ansatz for scalar field. However, in the expansion of every φ i , there is always a r 0 free mode which correspond to n = 0, if we only keep this mode, we will get a much simpler ansatz for the scalar field. The scalar field chosen by this way have the asymptotic below
To find an analytic exact solution of the EOMs, the first step is to find a simple proper ansatz for φ(r), which satisfies (10) . For example, all analytic functions of φ1 r p 1 which go through the origin point when φ 1 = 0 can satisfy (10). As we want to derive an analytic function for metric functions and scalar potential V (φ), the simpler ansatz we give for φ(r), the bigger possibility we have for finding exact solutions. Unlike the scalar potential, which we have great freedom to construct, there are not many simple analytic functions for φ(r) to chose. In additional for solitons, which have no horizon and singularity, the ansatz for φ(r) should be regular everywhere including the origin point.
The simplest ansatz for φ(r) could be q r or q r , one can check that they are both good ansatzs which can produce simple exact scalar hairy black holes and scalar potential. In the next section we will give an example which can reproduce some already found solutions as special cases.
AN EXAMPLE OF EXACT SOLUTIONS
We try a simple ansatz φ(r) = 2 2µ Arctanh 1
where µ, q are non-negative constants and the asymptotic is
which satisfies (10), and give
The boundary condition is AdS symmetrical [15] . Substitute this scalar field into the EOMs we get
As (4) is a second order differential equation, two constants α and g 2 come out in f (r). The most general corresponding scalar potential is (15) ,
where ϕ = φ 2 √ 2µ (keep this difference between ϕ and φ in mind). Since α and µ mark the different theories, they can't be taken as integration constant of the solution, like q. The expansion of V around φ = 0 is
where we read g can be interpreted as the inverse of the AdS radius l and the scalar mass is m 2 = − (16) and (17) . The conditions which guarantee a well defined horizon are
And (17) indicates that in general the metric is regular everywhere, except when 0 < µ < 1 and α = 0, which make the metric singular on the origin point. Asymptotic of h(r) is
from which we can read the (Ashtekar, Magnon and Das) AMD mass
the AMD mass is positive. Compare with (19), we find there are theories admit solutions with positive M but no even horizon when
These solutions look very like solitons except the scalar field φ(r) has a log(r) singularity on origin point. As there is no horizon, one may set the entropy to vanish so get the first law dM = 0, however this conflict with (21) which lead to
We can use Wald's formula [17, 18] to calculate the first law. This is to construct a closed (d − 2)-form (δQ − i ξ Θ) where ξ is the kill vector. Taking ξ = ∂/∂t and applying this to our Lagrangian and metric ansatz, we get the integral of (δQ − i ξ Θ) over a circle surface is independent of the radius. For solitons we take one integral surface as the infinite small circle surrounded the origin point S 0 + (for black holes we chose the even horizon) while the other as the infinite far away boundary S ∞ , Wald's formula gives
This integral has already been calculated in [5, 19] , for an arbitrary circle S r with radius r this integral can be expressed as
where w d−2 is the volume of the unit S d−2 . Substitute this and the metric functions into (25), we find that unlike solitons in higher dimensions, when d = 3 the left hand side of (25) is non-zero
while the right hand side is just δM . So Wald's formula give
which is consistent with (21) . So dM = 0 only works for higher dimensional solitons. It is surprised that the thermodynamics first law dM = T dS doesn't work for these soliton like solutions. If it works, then we need to give a new definition for the entropy S and temperature T of these soliton like solutions. This means the entropy does not depend on the area of even horizon any more. The other interpretation is to take (27) as a contribution from a scalar charge Q, and the first law could be modified to
One example of these soliton like solutions is to set µ = 3, α = g 2 /2, then the theory and solution are
When µ = 1, 2, the free parameter α disappears in the scalar potential and metric, in these special theories, the solutions can't be fully described by (14) and (15) any more. When µ = 1, the scalar potential and solution are
and when µ = 2, we get
This µ = 2 case reproduce a solution reported in [21] . Theories with α = 0 have massless solutions
All these massless solutions contain one integration constant q, which doesn't relate to the mass, so they are degenerate states. Theories admit a black hole solution should satisfy (19) , for example setting µ = 3, the scalar potential and solution become
There is a horizon on r 0 = q( α/g 2 − 1), where α > g 2 is required by (19) . The Hawking temperature T and entropy S are:
so the first law dM = T dS is satisfied. When α = g 2 , the radius of even horizon become r 0 = 0, so it's entropy vanishes, while the black hole mass
8 doesn't vanish with the even horizon. We may take it as an infinitely small but infinitely hot black hole so keep dM = T dS, or take it as a soliton like solution with the energy comes from a scalar charge so keep dM = Φ Q dQ.
As the scalar field always has a log(r) singularity on origin point, there is no soliton solutions.
REPRODUCING THE HMTZ SOLUTIONS
In this section we prove the HMTZ solutions are in fact some special cases among the lager class of solutions we found in the previous section. Although the scalar field of the HMTZ black holes
(the coefficient 4 comes out because our Lagrangian is written in a different form) looks quit different from our simpler ansatz (11), we can prove they are actually equivalent to each other by using this equation 
This scalar field correspond to our ansatz (11) with µ = 
when ν > −1, the theory satisfies (19) so would admit black hole solutions, which are exactly the HMTZ black holes .
HIGHER DIMENSIONS AND OTHER METRICS
In higher dimensions the scale invariance of (3)- (5) is broken, however, for solitons, our strategy is still useful when φ 1 is very big. Under this condition, we can rescale the EOMs with a big c, which can make 6−2d c 2 almost vanish, so the rescaled EOMs have approximate scale invariance. This determines the asymptotic of scalar field should look like (10) when φ 1 goes to infinity. Some researchers have already used this method to study the large φ 1 behaviour of the boundary condition to study the stability of designer gravity [22] .
For other metrics, whose EOMs admit a scale invariance, this strategy is also very useful. For example, in [14] we used a metric ansatz inspired by the construction of black p-branes,
where d represents the spacetime dimension, and dΩ
is the metric of unit d − 2 sphere. Its EOMs has a scale invariance
in general dimensions (d ≥ 4), ie.φ,h,f are also the solutions of the same EOMs. There are also exact solutions found in [11, 12] , whose scalar field satisfy (10), and with this kind of metric
The EOMs also have a scale invariance:
in general dimensions (d ≥ 3), ie.φ,f ,h,Ṽ are also the solutions of the same EOMs. For metrics like (47) and (49) which have scale invariance for the EOMs, it is quit promising to find other new exact solutions in general dimensions by trying other simple ansatz φ(r), which satisfy (10).
CONCLUSION AND FUTURE PROSPECTS
The main purpose of this paper is to find out what kind of metric may admit exact simple solutions, how to construct the solutions, and find out the most general theories which admit our scalar field ansatz as a solution. We use the symmetry of the EOMs to chose the right promising ansatz for φ(r) and then derive the other metric functions and scalar potential. We see not only the EOMs (3)-(5) in three dimensions have such scale invariance, but also the EOMs of Einstein gravities with some other metrics like (47) (49) in general dimensions. So far, almost all the found scalar hairy exact solutions can be reproduced and some of them can be generalized to a lager class by our strategy.
There is already some progress in constructing three dimensional exact scalar hairy solitons with an integration constant, and also black holes with no singularity inside, these solutions will be reported in a forthcoming paper [20] . It can be anticipated that more and more exact solutions will be found with this strategy.
However when we make the scalar field ansatz satisfy (10), we dropped the other integration constant, for example the even horizon radius r 0 , so in our solutions there is only one integration constant, which describes the scalar hair. When we turn off this integration constant, we just get the massless, rather than massive nonrotating BTZ black holes. To get static solutions with full two integration constants we should make the scalar field have the more general asymptotic (9) , however this will make the ansatz more complex, we still need some luck to get such exact solutions.
